A contraction Tdefined on a complex Hilbert space is called Acompact if there exists a nonzero function/analytic in the open unit disc and continuous on the closed disc such that f( T) is a compact operator. In this paper, the factorization of / is used to obtain a structure theorem which describes the spectrum of T.
Introduction. A bounded linear operator T on a complex Banach space X is called polynomially compact if there is a nonzero polynomial p(z) such that p(T) is compact. The spectrum of polynomially compact operators T has been completely described by F. Gilfeather [4] by showing that T is a finite sum of power compact operators. A similar problem of describing the spectrum arises in case p(z) is replaced by the uniform limit of polynomials. More explicitly, let T be a contraction defined on a Hilbert space, and A be the uniform closure is a compact operator. The problem is to describe the spectrum of ,4-compact contractions.
Let T be an ,4-compact contraction on a complex Hilbert space. Denote by J(T) the set of functions/ G A such that/(T) is compact. It is easily seen that J(T) is a nonzero closed ideal of A, indeed, it is a principal ideal [5, Corollary, p. 88] . Let Z be the set of common zeros of functions in J(T) in D. Every function which generates J(T) is of the form/ = Eg where F is the greatest common divisor of the inner parts of functions in J(T) and g is the outer part of any function which belongs to A and vanishes precisely on Z D {\z\ = 1}. A generator/of J(T) is called a minimal function of T if its singularities which lie on the unit circle are contained in Z. A minimal function / always exists.
An operator T defined on a Hilbert space X is said to be decomposed if there exists a pair (XX,X2) of subspaces of X such that X has unique decomposition in (XX,X2) and Xt is invariant under T, i = 1, 2. A decomposition of Tcan be obtained by the decomposition theorem [7, p. 419 ] if a(T) has more than one connected component. Let X be an isolated point of a(T), and T be a rectifiable, simple, closed curve enclosing no point of a(T) other than A and containing no point of a(T). Then is a projection on Xx = EXX along X0 = (I -EX)X. The pair (XX,X0) decomposes T into 7^ = T/Xx and T0 = T/X^, and the spectra of the two restrictions are {A} and a(T) -{A}, respectively. The terms Xx and 7^ will be used afterwards.
A contraction T defined on a Hilbert space X is called completely nonunitary (c.n.u.) if there exists no nonnull reducing subspace on which T is unitary.
1. We now state the structure theorem.
Theorem. Let f be a minimal function of a A-compact contraction T defined on a complex Hilbert space X, and Z be the set of zeros of f in D. Then (ii) It is the well-known spectral mapping theorem, and has been proved by Foias, and Mlak [3, pp. 239-245] for c.n.u. operators. We extend it for general contractions. Let T -Tu © T0 be the decomposition of T into unitary and c.n.u. parts, and let the corresponding decomposition of X and f(T) be X = Xu © Xq and/(T) = f(Tu) ffi/(T0), respectively. Then, in order to prove (ii), it is enough that a(f(Tu)) = f(a(Tu)) so that
If Xu is finite dimensional, it is trivially seen that o(f(Tu)) = f(a(Tu)). Assume that Xu is infinite dimensional. It then follows from the spectral representation of unitary operators that Tu has an infinite dimensional reducing subspace. Therefore, f(Tu), being the uniform limit of polynomials in Tu, has an infinite dimensional reducing subspace. The compactness of f (Tu) implies that/(T") is null. Proof. Follows immediately from (i).
Sz.-Nagy and Foias, have denoted by C0 the class of those c.n.u. operators T for which there exists a nonzero u G 7/00 such that u(T) = 0, and have described the spectrum of such operators, viz., [ Proof. Let / be a minimal function of T for which f\T) is compact and quasi-nilpotent. By (ii), f(a(T)) = a(f(T)) = {0} which implies that a(T) C Z. Adding to (i), a(T) = Z.
